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Abstract7

Reed–Solomon error-correcting codes are ubiquitous across computer science and information theory,8

with applications in cryptography, computational complexity, communication and storage systems,9

and more. Most works on efficient error correction for these codes, like the celebrated Berlekamp–10

Welch unique decoder and the (Guruswami–)Sudan list decoders, are focused on measuring error in11

the Hamming metric, which simply counts the number of corrupted codeword symbols. However,12

for some applications, other metrics that depend on the specific values of the errors may be more13

appropriate.14

This work gives a polynomial-time algorithm that list decodes (generalized) Reed–Solomon codes15

over prime fields in ℓp (semi)metrics, for any 0 < p ≤ 2. Compared to prior algorithms for the16

Lee (ℓ1) and Euclidean (ℓ2) metrics, ours decodes to arbitrarily large distances (for correspondingly17

small rates), and has better distance-rate tradeoffs for all decoding distances above some moderate18

thresholds. We also prove lower bounds on the ℓ1 and ℓ2 minimum distances of a certain natural19

subclass of GRS codes, which establishes that our list decoder is actually a unique decoder for many20

parameters of interest. Finally, we analyze our algorithm’s performance under random Laplacian21

and Gaussian errors, and show that it supports even larger rates than for corresponding amounts of22

worst-case error in ℓ1 and ℓ2 (respectively).23
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1 Introduction29

Reed–Solomon codes [11] are among the most widely used families of error-correcting codes,30

with applications across computer and communication sciences. Their many virtues include:31

a very simple definition; the largest possible minimum distance as a function of rate; and32

efficient decodability from errors, via either unique decoding up to half the minimum distance33

(see, e.g., [6, Section 12.1]), or list decoding up to the larger Johnson bound, via the celebrated34

works of Sudan [14] and Gururswami–Sudan [7] (see also [6, Section 12.2]).35

List decoding [3, 15] is the task of finding all codewords that are within some desired36

distance of a (potentially corrupted) received word. When this radius is more than half the37

code’s minimum distance, there can potentially be more than one codeword within range38

(hence the name “list decoding”). Despite this non-uniqueness, list decoding can suffice for39

many purposes (e.g., finding a nearest codeword within range), and indeed, it has found40

numerous applications.41

Most work on decoding Reed–Solomon codes has measured errors in the Hamming metric,42

which simply counts the number of corrupted codeword symbols (regardless of how they43

are corrupted). However, there are many other natural metrics that depend on the specific44
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values of the errors. Such metrics can be more appropriate for settings where introducing a45

“large” error at a coordinate is more costly than a “small” error, or where the communication46

channel might add some nonzero error to every coordinate. An example is a channel that47

adds error according to a Gaussian or other fairly concentrated distribution. When the48

code alphabet is Zq (the integers modulo q)—in particular, a prime field Fq—one metric of49

frequent study is the Lee metric, which is merely the ℓ1 norm ∥x∥1 =
∑

i|xi| after lifting Zq50

to its distinguished representatives in [−q/2, q/2). Other natural, analogously defined choices51

include the Euclidean (ℓ2) or other ℓp metrics.52

We know of only a few prior works on efficiently decoding Reed–Solomon codes in metrics53

others than Hamming. For the Lee (ℓ1) metric, Roth and Siegel [12] gave an algorithm that54

uniquely decodes up to half of (a lower bound on) the minimum distance; their algorithm55

works for certain subclasses of (generalized) Reed-Solomon and BCH codes. In addition,56

Wu, Kuijper, and Udaya [16] gave a list-decoding algorithm for ℓ1, built around Guruswami–57

Sudan [7], that decodes to larger distances than in [12] for all small enough rates. Finally,58

for the Euclidean (ℓ2) metric, Mook and Peikert [10] recently gave a list-decoding algorithm59

that also uses [7] as a black box.60

1.1 Contributions61

This work gives a polynomial-time algorithm that list decodes any generalized Reed–62

Solomon (GRS) code over a prime field in the ℓp (semi)metric for any 0 < p ≤ 2; in63

particular, this includes the Lee (ℓ1) and Euclidean (ℓ2) metrics.1 Our algorithm works for a64

broader range of parameters, and has a better distance-rate tradeoff for all decoding distances65

above some moderate thresholds, than the prior algorithms for ℓ1 and ℓ2 [12, 16, 10]; see66

below for elaboration and Figure 1 for a visual depiction. For ease of comparison across the67

various works and ℓp (semi)metrics, we use a suitably normalized version of distance: for68

code length n, distance d corresponds to relative distance δ := d/n1/p.69

For p = 2, our algorithm can handle an arbitrarily large decoding distance, for a corre-70

spondingly small enough rate: specifically, as δ and the alphabet size grow, we can decode71

for rates rapidly approaching 1/(δ
√

2πe). By contrast, the prior work [10] applies only for72

relative distance δ < 1/
√

2 ≈ 0.7071 (i.e., ℓ2 distance less than
√

n/2). In addition, our73

algorithm works for larger rates than the one in [10] whenever δ exceeds about 0.51797.74

(See Section 5.2 for a detailed comparison.) This is particularly interesting since the rates75

obtained in [10] were shown to be optimal (in a certain sense) for δ < 1/2, but not for larger76

values.77

For p = 1, again our algorithm (like the one from [16]) can handle an arbitrarily large78

decoding distance, whereas [12] is limited to relative distance δ < 1 (i.e., ℓ1 distance less79

than n). In addition, our algorithm works for larger rates than those of [12, 16] whenever80

the relative decoding distance exceeds about 0.78988, and in general, as δ and the alphabet81

size grow, we can decode for rates rapidly approaching 1/(2eδ). (See Section 6.2 for details.)82

Our algorithm is also qualitatively broader: it decodes from continuous (real-valued) error,83

whereas the ones from [12, 16] require discrete (integer) error. While continuous error can be84

discretized by rounding, this can increase the relative distance from the codeword by up to85

1/2 in ℓ1, which significantly degrades the distance-rate tradeoffs of the prior works, making86

them worse than ours for all distances.87

1 A semimetric is just a metric that does not necessarily satisfy the triangle inequality (which we will not
need).
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Figure 1 Plots of the adjusted rate R∗,(p), as a function of the ℓp relative decoding distance δ =
d/n1/p or corresponding channel error width r = p1/p · cp · δ, for which our algorithm can list decode
prime-field GRS codes in the worst case (wc) or average case (ac), respectively, for p = 2 (left) and
p = 1 (right). (For simplicity, these plots assume a field size q ≫ δ, r.) For comparison, also shown
are the corresponding functions from the prior work on decoding GRS codes in these metrics: [10]
is for list decoding in ℓ2, and [12, 16] are respectively for unique and list decoding in the ℓ1 (Lee)
metric, but only for discrete (integer) error. Also shown are rate bounds R

(p)
uniq for which decoding

to ℓp relative distance δ is guaranteed to yield a unique codeword, for a certain natural subclass of
GRS codes. (See Lemmas 5.7 and 6.4 and the discussions thereafter.)

We also give several useful supplementary results. By adapting an argument of [12], we88

prove lower bounds on the ℓ1 and ℓ2 minimum distances for a certain natural subclass of89

GRS codes. These imply that for many parameters of interest, our list-decoding algorithm90

outputs at most one codeword, i.e., it is actually a unique decoder. (See Lemmas 5.7 and 6.491

and the discussions thereafter.) And in addition to worst-case errors added by an adversarial92

channel, we also consider our algorithm’s performance under average-case errors produced by93

“memoryless additive” channels. Such channels add independent identically distributed error,94

drawn from some specified distribution, to each coordinate of the transmitted codeword.95

For Laplacian and Gaussian errors (which roughly correspond to ℓ1 and ℓ2, respectively),96

we show that our algorithm supports even larger rates than what we would get by merely97

applying concentration bounds on the error vector and invoking our worst-case results.98

1.2 Technical Overview99

At the highest level, our algorithm for list decoding prime-field GRS codes in ℓp follows the100

basic approach of [10] for list decoding (G)RS codes in ℓ2: we first translate the received101

word into a suitable weight (or reliability) vector, then invoke a soft-decision list-decoding102

algorithm [7, 5, 8] for GRS codes. Informally, a weight vector specifies, for each coordinate103

of the received word and each symbol in the code alphabet, a “confidence level” that the104

transmitted codeword had that symbol at that coordinate. Given such a weight vector, a105

soft-decision decoding algorithm then finds all codewords that are sufficiently correlated with106

it, as determined by the code rate. (For the formal definitions and theorem statement, see107

Definitions 3.1 and 3.2 and Theorem 3.3.)108

For our purposes, the principal challenge is in mapping a received word to an appropriate109

weight vector so that any codeword that is close enough to the received word (in the ℓp110

metric) has sufficient correlation with the weight vector. The prior work [10] uses very simple111

weights: given a real received value r, only its floor ⌊r⌋ and ceiling ⌈r⌉ receive positive112

weights, of 1 − (r − ⌊r⌋) and 1 − (⌈r⌉ − r), respectively. It was shown that with these weights,113

the cited soft-decision algorithms decode up to any ℓ2 relative distance δ < 1/
√

2 for any114

code rate up to 1 − 2δ2. Moreover, for δ ≤ 1/2 it was shown that this rate is optimal for115

ITCS 2026
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those algorithms, i.e., no other weight assignment can work for a larger rate. However, [10]116

did not consider larger decoding distances than these, nor other metrics.117

In this work, to handle large decoding distances and other metrics, we use “smoother”118

weights, which typically assign a positive weight to every alphabet symbol. Our overall119

approach (see Section 3) is quite general, and is parameterized by a function f : R → [0, 1]120

satisfying mild hypotheses, primarily that its Fourier transform f̂ is non-negative (see121

Assumption 2.12). This function can be seen as defining a weight—or a relative “likelihood,”122

in the case of a random channel—for every potential real-valued error.2 For a prime-order123

code alphabet Fq
∼= Zq := Z/qZ, and a received real value r ∈ R/qZ, we assign weight124

f(r − w + qZ) =
∑

e=r−w (mod q) f(e) to each alphabet symbol w ∈ Zq. Since the elements125

of the coset r − w + qZ are exactly those errors that would convert a transmitted symbol w126

to the received value r, this assignment captures the total weight of all such errors.127

Our first main result, given in Theorem 3.5, lower bounds the correlation between the128

weight vector for a received word r over R/qZ and any (code)word c over Zq, by the ratio129

of two quantities determined by f : its (arithmetic or geometric) mean over the coordinates130

of the error vector r − c, and (the square root of) its sum over a certain two-dimensional131

integer lattice Lq. So, for a particular decoding distance in a metric of interest (or channel132

distribution, in the average case), the goal becomes to choose a suitable function f that nearly133

maximizes this ratio. The proof of the theorem uses a mild generalization of Fourier-analytic134

results on lattices from [1, 9], and is the source of our requirement that f̂ is non-negative,135

and ultimately the restriction that 0 < p ≤ 2 for ℓp (semi)metrics.136

The bulk of the remaining work is then devoted to making a suitable choice of function f for137

the ℓp (semi)metric (and corresponding channel distributions), and analyzing its summation138

over Lq. In Section 4 we consider scalings of the function f (p)(x) := exp(−|x|p), which is139

known to have non-negative Fourier coefficients for 0 < p ≤ 2 (but not for any other p).140

Then in Sections 5 and 6 we specialize to p = 2 and p = 1, respectively, and give fairly tight141

upper bounds on f(Lq) using Fourier-analytic techniques or direct analysis. Finally, we use142

these bounds to optimize the distance-rate tradeoffs for which we can list decode GRS codes143

in these ℓp metrics, and for Gaussian and Laplacian random channels as well.144

2 Preliminaries145

For a positive integer n, let [n] := {1, . . . , n}. For a positive integer q, define the quotient146

ring Zq := Z/qZ and the additive quotient group Rq := R/qZ. For a prime power q, let Fq147

denote the finite field of size q. When q is prime, we identify Zq with the finite field Fq in148

the natural way.149

For any x ∈ Rq (which is a coset of qZ), define its “lift” x ∈ [−q/2, q/2) to be the unique150

real number such that x = x (mod q), i.e., the “zero-centered” distinguished representative151

of x. We also apply this notation entry-wise to vectors over Rq.152

For any p > 0, define the ℓp (quasi)norm on Rn as ∥x∥p :=
(∑n

i=1|xi|p
)1/p. It is well153

known that this is a norm if and only if p ≥ 1, and is a quasinorm for any p > 0.3 Similarly,154

we define the ℓp (semi)metric on Rn
q by lifting, i.e., via ∥x∥p := ∥x∥p.4 For p = 1, this155

generalizes the Lee metric over Zq to Rq.156

2 For example, we take f to be a Gaussian function for decoding in the ℓ2 metric, or under a Gaussian
channel.

3 A quasinorm relaxes the triangle inequality axiom to require only that ∥x + y∥ ≤ K(∥x∥ + ∥y∥) for
some fixed K. We do not use the triangle inequality, or even this relaxation, so we can consider p < 1.

4 Formally, this is not a norm because it is not defined on a vector space (since Rq is not a field), and
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For two groups X, Y , their direct sum group X ⊕ Y is their Cartesian product with the157

group operation defined component-wise. This notation extends to the direct sum of group158

cosets, which is a coset of the direct sum of the groups.159

For any two vectors x = (x1, . . . , xn) and y = (y1, . . . , yn) of the same dimension, their160

coordinate-wise (or Hadamard) product is denoted by x ⊙ y := (x1 · y1, . . . , xn · yn).161

For a finite sequence X1, . . . , Xn of real values, we denote their average by Avgi[Xi] :=162

1
n

∑n
i=1 Xi. We use the following special case of the well known Hoeffding (lower-)tail bound.163

▶ Lemma 2.1 (Hoeffding’s Inequality). Let X1, . . . , Xn be independent identically distributed164

random variables in [0, 1] with common expectation µ = E[Xi]. Then for any γ ≥ 0,165

Pr
[
Avg

i
[Xi] ≤ µ − γ

]
< exp(−2γ2n) .166

Operations on functions.167

For any function f : D → C and countable subset X ⊆ D, we define f(X) :=
∑

x∈X f(x).168

We extend the domain to Dk multiplicatively, as169

fk(x) :=
k∏

i=1
f(xi) , (2.1)170

often omitting the superscript k when it is clear from context. When D = Rn, for any real171

s ̸= 0 we define fs(x) := f(x/s).172

2.1 Linear Codes173

A linear (error-correcting) code of (block) length n over the alphabet Fq is a linear subspace174

of Fn
q . As a subspace, it has a dimension. In this paper, we consider the following family of175

codes.176

▶ Definition 2.2 ((Generalized) Reed–Solomon code). Let n ≤ q be positive integers, with q177

a prime power. For a non-negative integer k, a vector α ∈ Fn
q with distinct entries, and178

a vector t ∈ (Fq \ {0})n with (not necessarily distinct) non-zero entries, the Generalized179

Reed–Solomon (GRS) code of dimension k with evaluation points α and twist factors t is180

defined as181

GRSq,k(α, t) := {t ⊙ f(α) = (t1 · f(α1), . . . , tn · f(αn)) : f ∈ Fq[x], deg(f) < k} .5182

A special case is a Reed–Solomon (RS) code, which is obtained by using trivial twist factors183

t = (1, . . . , 1).184

2.2 Lattices185

▶ Definition 2.3 (Lattice, Basis). An (n-dimensional, full-rank) lattice L ⊂ Rn is the set of all186

integer linear combinations of some n linearly independent basis vectors B = {b1, . . . , bn} ⊂187

Rn:188

L = L(B) :=
{ n∑

i=1
zibi : zi ∈ Z

}
.189

it does not satisfy homogeneity due to the mod-q reduction. However, it does define a (semi)metric
(where “semi” does not require the triangle inequality), with distance function d(x, y) = ∥x − y∥p.

ITCS 2026
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Equivalently, it is a discrete additive subgroup of Rn whose R-span is Rn; as such, it defines190

the quotient group Rn/L of lattice cosets x + L for x ∈ Rn. A sublattice of Zn is called an191

integer lattice.192

In this work, all lattices are implicitly full rank. A lattice basis can equivalently be seen193

as an invertible matrix B ∈ Rn×n whose columns are the vectors b1, . . . , bn. Note that a194

given lattice has multiple different bases, which are all related by right-multiplication by195

unimodular matrices in Zn×n.196

▶ Definition 2.4 (Determinant). The determinant of a lattice L generated by basis B is197

det(L) := |det(B)|.198

Note that the determinant of a lattice is invariant under the choice of basis, by the above-199

mentioned relationship between the bases of a lattice.200

▶ Definition 2.5 (Dual lattice). The dual lattice of a lattice L ⊂ Rn is201

L∗ := {x ∈ Rn : ∀ v ∈ L, ⟨v, x⟩ ∈ Z} .202

If B is a basis of L, then its dual basis B∗ := B−t is a basis of L∗, and hence det(L∗) =203

det(L)−1.204

▶ Lemma 2.6. Let f : D → R and X, Y ⊆ D be countable subsets of its domain (e.g., lattice205

cosets). Then f(X ⊕ Y ) = f(X) · f(Y ).206

Proof. This follows directly from the definition of direct sum and Equation (2.1). ◀207

2.3 Fourier Analysis208

Let f : Rn → C be a (Borel) measurable function that satisfies
∫
Rn |f(x)| dx < ∞. Its Fourier209

transform f̂ : Rn → C is defined as210

f̂(w) :=
∫
Rn

f(x) · exp(−2πi⟨x, w⟩) dx .211

It satisfies the following standard properties, which follow by routine calculations.212

▶ Lemma 2.7 (Multiplicativity). For any function f as above, f̂k = f̂ k (where the exponent213

notation is as defined in Equation (2.1)).214

▶ Lemma 2.8 (Time-scaling property). For any function f as above and real s ≠ 0, f̂s(w) =215

sn · f̂1/s(w).216

▶ Lemma 2.9 (Time-shift property). For any function f as above and c ∈ Rn, let g(x) =217

f(x − c). Then ĝ(w) = f̂(w) · exp(−2πi⟨w, c⟩).218

We say that f is nice if it satisfies conditions that are sufficient for the following formula219

to hold, e.g., those given in [13, pages 106–107]. All of the specific functions f we use in this220

work are easily seen to be nice.221

▶ Lemma 2.10 (Poisson Summation Formula (PSF)). For any lattice L and nice function f ,222

f(L) = det(L∗) · f̂(L∗) .223

We will use a more general version of the PSF for lattice cosets.224

▶ Lemma 2.11 (Generalized PSF). For any lattice L ⊂ Rn, nice function f , and y ∈ Rn,225

f(y + L) = det(L∗) ·
∑

w∈L∗

f̂(w) · exp(2πi⟨w, y⟩) .226
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2.4 Lattice Roughness227

Continuing from Section 2.3, for the rest of this work we require the following properties of f .228

▶ Assumption 2.12. The function f has range [0, 1] and is nice, and f̂ is non-negative real229

with f̂(0) > 0.230

Because f is real, its Fourier transform is conjugate symmetric, i.e., f̂(−w) = f̂(w)∗ for231

all w, where the star denotes complex conjugation. Since f̂ is also real, this implies that it is232

symmetric, i.e., f̂(−w) = f̂(w). Finally, note that if f satisfies this assumption, then so does233

its multiplicative extension fk.234

We now define an important Fourier-analytic quantity that plays an important role in235

our analysis. We adopt the name “roughness” because it is the functional inverse of the236

“smoothing parameter” from [9], which is the smallest s that makes the function fs(y + L)237

sufficiently “smooth” as a function of y.238

▶ Definition 2.13. For a function f , lattice L ⊂ Rn, and real s > 0, the roughness is defined239

as240

εL,s := f̂s(L∗ \ {0})
f̂s(0)

= f̂s(L∗)
f̂s(0)

− 1 ≥ 0.241

More generally, for a (linear) subspace H of Rn, the H-roughness is defined as242

εL,s(H) := f̂s(L∗ \ H⊥)
f̂s(L∗ ∩ H⊥)

= f̂s(L∗)
f̂s(L∗ ∩ H⊥)

− 1 ≤ εL,s(Rn) = εL,s.243

(Both inequalities follow from the non-negativity of f̂s.)244

▶ Lemma 2.14 (adapted from [9, Lemmas 2.9 and 4.1]). For any f satisfying Assumption 2.12,245

lattice L ⊂ Rn, real s > 0, subspace H of Rn defining roughness ε := εL,s(H), and y ∈ H,246

fs(y + L) ∈ det(L∗) · f̂s(L∗ ∩ H⊥) · [1 − ε, 1 + ε] ,247

with equality against the upper bound when y = 0. In particular, fs(y + L) ∈ fs(L) · [ 1−ε
1+ε , 1].248

Due to space constraints, the proof is left to the full version.249

3 List-Decoding Reed–Solomon Codes250

3.1 Soft-Decision Decoding251

To list-decode Reed–Solomon codes under various norms and probabilistic channel models,252

we use the “weighted,” or soft-decision, list decoder of Guruswami and Sudan (hereafter253

GS) [7], as elaborated upon in Guruswami’s thesis [5, Section 6.2.10] and the work of Koetter254

and Vardy [8]. A soft-decision decoder takes a “weight vector” as input, and outputs a set of255

codewords.256

▶ Definition 3.1. A weight vector for a length-n code over Fq is some W := (W1, . . . , Wn) ∈257

[0, 1]qn where each block Wi ∈ [0, 1]q is indexed by Fq; equivalently, each block is a function258

Wi : Fq → [0, 1].259

ITCS 2026
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Conceptually, each block Wi of a weight vector may be thought of as specifying a260

(posterior) probability distribution Πi over Fq, where Πi(x) is proportional to the probability261

that the ith transmitted symbol was x ∈ Fq, given what was received from the channel262

(which need not be an element of Fq). At a formal level, this interpretation makes sense263

only when the channel is probabilistic (for average-case decoding), but it still serves as useful264

intuition when the channel is adversarial (for worst-case decoding). We consider both types265

of channels in our results below.266

For c ∈ Fq, define [c] ∈ [0, 1]q to be the binary indicator vector indexed by Fq that has a 1267

in coordinate c and 0s elsewhere. Similarly, for any vector c = (c1, . . . , cn) ∈ Fn
q , define the268

weight vector [c] := ([c1], . . . , [cn]) ∈ [0, 1]qn. Observe that its Euclidean norm is ∥[c]∥ =
√

n.269

▶ Definition 3.2. The correlation between a weight vector W ∈ [0, 1]qn and a word c ∈ Fn
q is270

defined as their length-normalized inner product (or the cosine of the angle between them):271

corr(W, c) := ⟨W, [c]⟩
∥W∥ ·

√
n

.272

▶ Theorem 3.3 (adapted from [7, Theorem 18] and [5, Theorem 6.21]). For a prime power q, let273

C ⊆ Fn
q be a Generalized Reed–Solomon code of dimension k and adjusted rate R∗ := (k−1)/n.274

There is a deterministic algorithm that, given a weight vector W and a “tolerance” τ > 0,275

outputs in time poly(n, q, 1/(τ∥W∥)) the set of all codewords c ∈ C that satisfy276

corr(W, c) ≥
√

R∗ + τ . (3.1)277

We remark that the above theorem is originally stated for rational weights, but the278

supporting argument (from [5, Lemma 6.20]) easily adapts to handle real-valued weights that279

can be lower bounded to any needed precision in polynomial time, as all of ours can be.280

3.2 From Received Words to Weight Vectors281

Here we describe a general approach for translating a received word to a weight vector. This282

translation is parameterized by a function that, conceptually, can be viewed as (proportional283

to) the channel’s probability density function, even if the channel is not actually probabilistic.284

Let f : R → [0, 1] be a function that satisfies Assumption 2.12, extended multiplicatively285

to Rn as in Equation (2.1), and recall that fs(x) := f(x/s) for any constant s > 0. Next286

let q be a positive integer, and recall that we identify Zq := Z/qZ with Fq in the natural287

way when q is prime. Let the set of possible received values be Rq = R/qZ, and for any such288

value y ∈ Rq, define the weight function Ws,y : Zq → [0, 1] by289

Ws,y(x) := fs(y − x + qZ) .290

Notice that here fs is applied to a coset of qZ, which represents an infinite series; for all our291

concrete choices, these series converge and so the function Ws,y is well defined. This function292

can also be seen as the vector Ws,y := (Ws,y(x))x∈Zq ∈ [0, 1]q, indexed by Zq.293

In line with the probabilistic conception of weight vectors from Section 3.1 above, the294

function Ws,y can be seen as follows. Suppose that a uniformly random symbol in Zq is295

sent over a channel, which adds (modulo q) noise drawn from a distribution over R whose296

probability density function is proportional to fs. Then the probability that the sent symbol297

was x ∈ Zq, conditioned on receiving y, is proportional to Ws,y(x). This is because the coset298

y − x ∈ Rq is the set of all noise values that yield y if x is sent. Note that in the definition of299

Ws,y we do not normalize by the total weight Ws,y(Zq) = fs(y + Z) (which may vary based300

on the received value y); this turns out to yield simpler analyses and tighter results.301
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▶ Definition 3.4. For a function fs as above and any received vector y = (y1, . . . , yn) ∈ Rn
q ,302

define the corresponding weight vector as303

Ws,y := (Ws,y1 , . . . , Ws,yn) ∈ [0, 1]nq .304

In order to use the soft-decision algorithm (Theorem 3.3) for decoding under an adversarial305

channel, it suffices to show that we can choose a suitable s so that for any received word y306

and any sufficiently close codeword c (in the norm of interest), the correlation corr(Ws,y, c)307

satisfies (3.1). Similarly, for decoding under a probabilistic channel, it suffices to show that308

with high probability over the channel noise e, the transmitted codeword c has large enough309

correlation with the weight vector Ws,y of the received word y = c + e (again, for some310

suitably chosen s). To this end, in what follows we give a lower bound on ⟨Ws,y, [c]⟩ and an311

upper bound on ∥Ws,y∥, in terms of fs and the difference y − c between the received word312

and the codeword of interest.313

3.3 Main Theorem314

Here we state and prove the main result of this section. For this we define the two-dimensional315

integer lattice Lq that consists of all shifts of the lattice qZ2 by (z, z) for an integer z, i.e.,316

Lq :=
⋃

x∈Zq

(x ⊕ x) =
⋃
z∈Z

((z, z) + qZ2) ⊃ qZ2.317

We have that det(Lq) = q, and so det(L∗q) = 1/q. We sometimes omit the q subscript when318

it is clear from context or its value is unimportant.319

▶ Theorem 3.5. Suppose that f satisfies Assumption 2.12. For any s > 0 and y ∈ Rn
q320

defining W = Ws,y, and any c ∈ Zn
q ,321

corr(W, c) ≥
Avgi∈[n][fs(yi − ci)]√

fs(Lq)
≥ fs(y − c)1/n√

fs(Lq)
.322

Proof. This follows immediately from the following lower and upper bounds on the numerator323

and denominator of corr(W, c) = ⟨W,[c]⟩/n
∥W∥/

√
n

. For the numerator, by the definitions of W and [c],324

⟨W, [c]⟩/n = Avg
i∈[n]

[Ws,yi(ci)] = Avg
i∈[n]

[fs(yi − ci)] ≥ fs(y − c)1/n ,325

where the last step follows by the inequality of arithmetic and geometric means, and the326

non-negativity and multiplicativity of fs over direct sums of cosets (Lemma 2.6). For the327

denominator, the upper bound ∥W∥/
√

n ≤
√

fs(Lq) is proved in Lemma 3.6 below. ◀328

▶ Lemma 3.6. Adopting the setup from Theorem 3.5, and letting ε̃ = εLq,s(H) where329

H = span(1, 1),330

∥W∥2/n ∈ fs(Lq) ·
[1 − ε̃

1 + ε̃
, 1

]
.331

Proof. By definition of W ,332

∥W∥2/n = Avg
i∈[n]

[ ∑
x∈Zq

fs(yi − x)2
]

.333
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To bound this, let y ∈ Rq be arbitrary. By Lemma 2.6,334 ∑
x∈Zq

fs(y − x)2 =
∑

x∈Zq

fs((y − x) ⊕ (y − x))335

=
∑

x∈Zq

fs((y ⊕ y) − (x ⊕ x))336

= fs((y, y) + Lq)337

∈ fs(Lq) ·
[1 − ε̃

1 + ε̃
, 1

]
,338

where the last step follows by the latter part of Lemma 2.14 on the lattice Lq with subspace H,339

and noting that (y, y) ∈ H. The claim follows by averaging over i ∈ [n]. ◀340

3.4 Average-Case Decoding341

Here we consider list-decoding in the average case, where the channel is probabilistic (not342

worst case) and the goal is to output a list of codewords that includes the transmitted one.343

We consider channels that add independent, identically distributed random error (drawn344

from some specified distribution) to each coordinate of the transmitted codeword; this is345

often known as a memoryless additive channel. Specifically, we assume that the channel’s346

error distribution (for each coordinate) is proportional to fr for some r > 0, i.e., it has347

probability density function348

Dr(x) := fr(x)
f̂r(0)

.349

For example, if fr is a Gaussian function, this is known as the additive white Gaussian350

noise (AWGN) channel model. In some settings one may also consider a discrete channel351

distribution, e.g., over Z, in which case its probability mass function is Dr(x) := fr(x)/fr(Z).352

For any s > 0 (which may differ from r), define353

µr,s := E
e←Dr

[fs(e)] .354

In Section 4 we will use the following bound for a specific family of functions f to show355

that the transmitted codeword is recovered with high probability over the channel error.356

▶ Lemma 3.7. For any r, s > 0 and T defining γ := µr,s − T ·
√

fs(Lq) ≥ 0, and any c ∈ Zn
q ,357

Pr
e←Dn

r

[
corr(Ws,c+e, c) ≤ T

]
< exp(−2γ2n) .358

This follows from Assumption 2.12, Theorem 3.5, and Lemma 2.1. Due to space constraints,359

the details of the proof are left to the full version.360

4 General ℓp (Semi)Metrics361

In this section we define weight vectors via Definition 3.4 using the function f : R → [0, 1]362

defined as363

f(x) = f (p)(x) := exp
(
−(cp|x|)p

)
(4.1)364

where cp := 2 · Γ(1 + 1/p) ,365
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where the gamma function Γ(z) =
∫∞

0 uz−1 exp(−u) du for z > 0, and satisfies Γ(1) = 1 and366

Γ(1 + z) = z · Γ(z). As two important examples, c1 = 2 and c2 =
√

π.367

Note that by multiplicativity (Equation (2.1)),368

f(x) =
n∏

i=1
f(xi) = exp

(
−

n∑
i=1

(cp|xi|)p
)

= exp
(
−(cp∥x∥p)p

)
= f(∥x∥p) .369

Regarding the Fourier transform of f , the “normalizing constant” cp has been defined to370

make f̂(0) = 1.371

It is also known that f̂ is non-negative for 0 < p ≤ 2; this follows immediately from an372

elegant lemma and proof due to Logan, given in [4, Lemma 5].6 So, f satisfies Assumption 2.12373

for such p. Another immediate consequence of Logan’s lemma is that as s grows, f̂s(w)/s374

strictly decreases and approaches zero for every w ̸= 0.375

We will need the following simple lemma.376

▶ Lemma 4.1. For any s > 0 and y ∈ Rn
q defining W = Ws,y, we have that ∥W∥2 ≥377 √

n/ exp(cp
p/(2s)p).378

Due to space constraints, the proof is left to the full version.379

4.1 Worst-Case Decoding380

We now address list-decoding in the ℓp (semi)metric for 0 < p ≤ 2, under worst-case error.381

Consider decoding distance d = δ · n1/p, where n is the code length, and δ can be seen as the382

relative decoding distance (relative to n1/p, which is the most natural normalization factor383

for ℓp). For s > 0, relative distance δ ≥ 0, and positive integer modulus q, define384

W
(p)
q,δ (s) := fs(δ)√

fs(Lq)
=

exp
(
−(cp · δ/s)p

)√
fs(Lq)

≥ 0 . (4.2)385

By Theorems 3.3 and 3.5, to decode a GRS code of adjusted rate R∗ over a prime386

field Fq to within ℓp distance δ · n1/p using the GS algorithm, it suffices to set s > 0 so that387

W
(p)
q,δ (s) >

√
R∗. In other words, we can decode under relative distance δ for any R∗ less388

than389

R∗,(p)
wc,q (δ) := sup

s>0
W

(p)
q,δ (s)2 . (4.3)390

The following makes this formal.391

▶ Theorem 4.2. For any 0 < p ≤ 2, δ ≥ 0, and prime q, the GS soft-decision algorithm392

using weight vector given by f
(p)
s for any s > 0 list-decodes, up to ℓp distance d = δ · n1/p,393

any GRS code C ⊆ Fn
q with adjusted rate R∗ < W

(p)
q,δ (s)2, in time polynomial in n, q, and394

exp(1/sp)/(W (p)
q,δ (s) −

√
R∗).7395

6 For p > 2, by contrast, f̂ can have negative values, which prevents our framework from supporting ℓp

metrics for such p.
7 We remark that in many cases, the bound on the polynomial running time can be improved using a

better lower bound for ∥W ∥2, such as the one given by Lemma 3.6.
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Proof. We invoke the GS algorithm on the weight vector W = Ws,y given by the choice396

of s and the received word y, and tolerance τ = W
(p)
q,δ (s) −

√
R∗ > 0.8 The running time is397

polynomial in n, q, and 1/(τ∥W∥2) ≤ exp(cp
p/(2s)p)/(τ

√
n), by Lemma 4.1.398

Now let c ∈ C be a codeword within distance d of y, i.e., ∥y − c∥p ≤ d. By Theorem 3.5,399

Assumption 2.12, and Equation (4.2),400

corr(W, c) ≥ fs(y − c)1/n√
fs(Lq)

≥ fs(d)1/n√
fs(Lq)

= W
(p)
q,δ (s) =

√
R∗ + τ .401

So, by Theorem 3.3, the output of the GS algorithm includes c, as needed. ◀402

▶ Remark 4.3. Interestingly, as δ, q/δ, and n grow (and the other parameters remain fixed),403

the product of the relative distance δ and the adjusted rate R∗ for which we can decode404

approaches the relative radius of a unit-volume ℓp ball. Due to space constraints, we defer405

this derivation to the full version.406

4.2 Average-Case Decoding407

We now consider average-case decoding under a memoryless additive (continuous or discrete)408

channel whose density function is proportional to a scaling of f = f (p). Specifically, we409

consider the continuous distribution with probability density function Dr(x) := fr(x)/r,410

and the discrete distribution over Z with probability mass function Dr(x) := fr(x)/fr(Z).411

Following Section 3.4, for any r, s > 0 define412

µ(p)
r,s := µr,s = E

e←Dr

[fs(e)] .413

For these channel distributions we derive suitable bounds on µ
(p)
r,s , then reach the conclusion414

via Lemma 3.7 and Theorem 3.3.415

▶ Lemma 4.4. For any 0 < p ≤ 2, any r > 0 defining a continuous or discrete distribution Dr,416

and s > 0,417

µ(p)
r,s ≥ s

∥(r, s)∥p
,418

with equality in the continuous case and strict inequality in the discrete case.419

Due to space constraints, the proof is left to the full version.420

Now, for any channel parameter r > 0 and for s > 0, define421

A(p)
q,r(s) := µ

(p)
r,s√

fs(Lq)
≥ s

∥(r, s)∥p ·
√

fs(Lq)
, (4.4)422

where the inequality is by Lemma 4.4. By Theorems 3.3 and 3.5, to decode (with high423

probability) a GRS code of adjusted rate R∗ over a prime field Fq under a channel with424

parameter r, it suffices to set s > 0 so that A
(p)
q,r(s) >

√
R∗. In other words, we can decode425

under channel parameter r for any R∗ less than426

R∗,(p)
ac,q (r) := sup

s>0
A(p)

q,r(s)2 . (4.5)427

The following makes this formal.428

8 To be more precise, we can invoke GS on any approximation of τ in [τ/2, τ ], say. This can be computed
by approximating fs(Lq) from above to the needed precision, by enumerating sufficiently many points
of Lq near the origin, and upper-bounding the contribution of the remaining points in the “tails” using,
e.g., Lemma 5.3.



C. Peikert and A. Veliche Hostetler 104:13

▶ Theorem 4.5. Let 0 < p ≤ 2, r > 0, α ∈ (0, 1), and q be prime. Under a memoryless429

additive (continuous or discrete) channel with distribution Dr, the GS soft-decision algorithm,430

using weight vector given by f
(p)
s for any s > 0, list-decodes any GRS code C ⊆ Fn

q with431

adjusted rate R∗ < A
(p)
q,r(s)2, in time polynomial in n, q, and exp(1/sp)/(A(p)

q,r(s) −
√

R∗),432

except with probability less than433

exp
(
−2n · fs(Lq) · α2 ·

(
A(p)

q,r(s) −
√

R∗
)2)

.434

The proof is similar to that of Theorem 4.2, but using Lemma 3.7 to bound the probability435

that corr(W, c) <
√

R∗ + τ . Due to space constraints, the details are left to the full version.436

▶ Remark 4.6. Theorem 4.5 outperforms Theorem 4.2 (for worst-case decoding) by a factor437

that approaches (e/2)1/p in the adjusted rate R∗ it can handle, as r and q/r grow. Specifically,438

consider a channel with parameter r. A calculation reveals that its relative error (in ℓp,439

relative to n1/p) is tightly concentrated around δ = r/(p1/p · cp), so following the analysis440

in Remark 4.3, Theorem 4.2 applies for R∗ that approaches 1/(r · e1/p). By comparison,441

Theorem 4.5 applies for R∗ that approaches 1/(r · 21/p).442

5 The ℓ2 Metric and Gaussian Error443

In the remainder of the paper we instantiate our general list-decoding results for ℓp444

(semi)metrics (Theorems 4.2 and 4.5) to specific metrics of interest and memoryless additive445

channels. In this section, we consider the ℓ2 metric and Gaussian channels.446

We specialize Equation (4.1) to p = 2, i.e., the Gaussian function447

f(x) := f (2)(x) = exp(−πx2) .448

By a straightforward calculation it can be seen that this function is its own Fourier transform:449

f̂ = f . Note that f̂s = s · f1/s by the time-scaling property of the Fourier transform450

(Lemma 2.8). Finally, recalling that f(x) = f(∥x∥2), we get that f is invariant under451

rotations.452

5.1 Bounds453

In this subsection we derive fairly tight bounds on the factor fs(Lq) that appears in the454

quantities that govern the adjusted rates under which we can decode in the worst and average455

cases (Equations (4.2) and (4.4), respectively). For this purpose we need to define a suitable456

“fudge factor.” For r ≥ r0 :=
√

ln(4)/π ≈ 0.66428, define457

E(r) := 1 − 2 exp(−πr2/2) ∈ [0, 1) .458

Notice that E(r) is positive for r > r0, is strictly increasing, and rapidly approaches 1 as r459

increases. Next, for real s, q such that s ∈ [r0, q/r0], define460

Eq(s) :=
√

E(q/s) · E(s) ∈ [0, 1) .461

Similarly, Eq(s) is positive for s ∈ (r0, q/r0), and rapidly approaches 1 as both s, q/s increase.462

We next state some bounds on fs(Lq) and Eq(s); Lemma 5.1 is the main one we use.463

Due to space constraints, the proofs are given in the full version.464

▶ Lemma 5.1. For any real s and positive integer q such that s ∈ (r0, q/r0),465

1
fs(Lq) >

√
2

s
· Eq(s)2 .466
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This follows directly from Lemmas 5.2 and 5.4 below.467

▶ Lemma 5.2. For any real s > 0 and positive integer q, let ε′ = εZ,q/(s
√

2) and ε̃ = εLq,s(H)468

where H = span(1, 1). Then469

fs(Lq) = s√
2

· (1 + ε′) · (1 + ε̃) .470

Next we bound the roughness quantities ε′, ε̃ from Lemmas 5.1 and 5.2, using the following471

classic tail inequality.472

▶ Lemma 5.3 (adapted from [2, Lemma 2.4]). For any lattice L, unit vector u, and s, t > 0,473

let Tu,t = {x : |⟨x, u⟩| ≥ t}. Then474

fs(L ∩ Tu,t) < 2 exp(−πt2/s2) · fs(L) .475

▶ Lemma 5.4. Let r > r0 and H = span(1, 1). Then476

1
1 + εZ,r/

√
2

,
1

1 + εLq,r(H) > E(r) = 1 − 2 exp(−πr2/2) .477

5.2 Worst-Case Decoding478

We now address list-decoding in the ℓ2 metric, under worst-case error of bounded distance,479

by specializing the material of Section 4.1 to p = 2 and using our bounds on fs(Lq) from480

Section 5.1. So, we consider decoding distance d = δ
√

n, where n is the code length and δ is481

the relative decoding distance. Then by Equations (4.2) and (4.3), we can list-decode for482

any R∗ less than483

R∗,(2)
wc,q (δ) = sup

s>0
W

(2)
q,δ (s)2 > sup

s∈(r0,q/r0)

√
2 · exp(−2πδ2/s2)

s
· Eq(s)2 , (5.1)484

where the inequality follows by Lemma 5.1.485

Corollary 5.5 below is obtained by nearly maximizing the right-hand side of (5.1). More486

specifically, a standard calculation shows that taking s = δ
√

4π maximizes the “main term”487 √
2 · exp(−2πδ2/s2)/s, to have value 1/(δ

√
2πe). For moderate or larger values of δ (and488

hence s), this very nearly maximizes the entire expression, because Eq(s) ≥ E(s) since489

q/s ≥ s, and E(s) rapidly approaches 1 as s grows. For example, E(s)2 ≥ 1 − 10−8 for δ ≥ 1.490

So, as δ grows, the R∗ for which we can list-decode rapidly approaches 1/(δ
√

2πe).491

▶ Corollary 5.5. For any δ >
√

ln(4)/(2π) ≈ 0.1874 and prime q ≥ 4πδ2, the GS algorithm492

using weight vector given by fs for s = δ
√

4π list-decodes, up to ℓ2 distance δ
√

n in time493

poly(n, q, 1/(
√

R̃
∗,(2)
wc,q (δ) −

√
R∗)), any GRS code with adjusted rate494

R∗ < R̃∗,(2)
wc,q (δ) := 1

δ
√

2πe
· Eq(δ

√
4π)2 .495

Proof. For s = δ
√

4π, the lower bounds on δ and q imply that s = δ
√

4π ∈ (r0, q/r0). Then496

by hypothesis and Lemma 5.1 and Equation (4.2),497

R∗ < R̃∗,(2)
wc,q (δ) = 1

δ
√

2πe
· Eq(δ

√
4π)2 <

exp(−2πδ2/s2)
fs(Lq) = W

(2)
q,δ (s)2 .498

The claim then follows directly by Theorem 4.2. ◀499
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Comparison to [10].500

The previous best result for list-decoding (Generalized) Reed–Solomon codes in the ℓ2 metric501

was given by Mook and Peikert [10].9502

▶ Proposition 5.6 ([10, Theorem 3.4]). For any GRS code C ⊆ Fn
q with any adjusted rate503

R∗ < 1 and any ε > 0, there is a poly(n, q, 1/ε)-time algorithm that list-decodes C up to ℓ2504

distance d =
√

n(1 − R∗)(1 − ε)/2.505

Equivalently, for a relative decoding distance δ = d/
√

n > 0, the result from [10] works506

for adjusted rates R∗ approaching 1 − 2δ2, so it applies only for507

δ ≤
√

(1 − R∗)/2 ≤ 1/
√

2 .508

By contrast, our Theorem 4.2 works for any (arbitrarily large) δ > 0 (and Corollary 5.5509

gives a simpler and more explicit rate bound for any δ > 0.1875). Moreover, for those δ510

for which both Theorem 4.2 and Proposition 5.6 apply, our result works for a larger R∗ as511

long as R
∗,(2)
wc,q (δ) > 1 − 2δ2 (see (4.3)). For typical (moderate or larger) q, this holds for all512

δ ⪆ 0.51797, which corresponds to R∗ ⪅ 0.46342. (For tiny δ ≈ 0, Theorem 4.2 works for513

R∗ ≈ 0.93700, whereas [10] works for R∗ ≈ 1, so the latter is better for very small distances.)514

We also point out that [10] proves that for any δ ≤ 1/2, which corresponds to R∗ ≥ 1/2,515

its (very simple) choice of weight vector gives an optimal tradeoff between δ and R∗ for the516

GS/KV soft-decision algorithm and analysis. However, the optimality argument breaks down517

for δ > 1/2 (equivalently, for R∗ < 1/2). And indeed, as we have just seen, we obtain a518

better distance-rate tradeoff than [10] for almost all such δ. This highlights the interesting519

question of determining an optimal choice of weights for the GS soft-decision algorithm for520

δ > 1/2 (especially at the low end of this range).521

5.3 Unique Decoding for a Subclass of GRS Codes522

For a certain natural subclass of GRS codes, and certain rates and decoding distances covered523

by our list-decoding algorithm, decoding is in fact unique (i.e., the list size is at most one).524

We show this by giving a lower bound on the ℓ2 minimum distance of such codes, and then525

observing that our list-decoding algorithm can decode to beyond half this distance for all526

small enough rates.527

▶ Lemma 5.7 (adapted from [12, Theorem 4]). Any prime-field GRS code GRSq,k(α, α) ⊆ Fn
q528

(whose twist factors t equal the nonzero evaluation points α) of rate R = k/n has squared ℓ2529

minimum distance at least530

(n + 1)2 − k2

12k2 · (n + 1) >
1 − R2

12R2 · n .531

Due to space constraints, the proof is left to the full version.532

Lemma 5.7 gives a relationship between the code rate R and (a lower bound on) half533

the ℓ2 minimum distance, for which decoding to that distance yields a unique solution. By534

taking the functional inverse of half this minimum-distance bound, we see that decoding to535

relative distance δ yields a unique solution as long as536

R < R
(2)
uniq(δ) := 1√

48δ2 + 1
,537

9 By a standard reduction, the result from [10] also applies to GRS codes, not just RS codes as was
originally stated.
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which approaches 1/(4
√

3δ) as δ grows. This curve is shown in Figure 1. Observe that538

for any δ for which our list-decoding algorithm outperforms the one of [10], we have that539

R
∗,(2)
wc (δ) > R

(2)
uniq(δ). In other words, we can efficiently list decode to relative distance δ for540

all rates up to R
(2)
uniq(δ) (and beyond), thus yielding a unique decoder for these parameters.541

Alternatively, as the rate R approaches zero, we can efficiently list decode to a multiple of542

the unique-decoding distance bound that approaches 4
√

3/
√

2πe ≈ 1.6764.543

5.4 Average-Case Decoding544

We now consider average-case decoding under a memoryless additive (continuous or discrete)545

Gaussian channel, by specializing the material of Section 4.2 to p = 2 and using our bounds546

on fs(Lq) from Section 5.1. Consider a Gaussian channel of parameter r > 0. Then by547

Equations (4.4) and (4.5), we can list-decode for any R∗ less than548

R∗,(2)
ac,q (r) = sup

s>0
A(2)

q,r(s)2 > sup
s∈(r0,q/r0)

s
√

2
r2 + s2 · Eq(s)2 , (5.2)549

where the inequality is by Lemma 5.1.550

Corollary 5.8 below is obtained by nearly maximizing the right-hand side of (5.2). More551

specifically, setting s = r maximizes the “main term” s
√

2/(r2 + s2), to have value 1/(r
√

2).552

As above, for moderate or larger values of r (and hence s), this very nearly maximizes the553

entire expression, because Eq(s) rapidly approaches 1 as s grows.10 So, as r grows, the554

rate R∗ for which we can list-decode rapidly approaches 1/(r
√

2).555

▶ Corollary 5.8. For any r ∈ (r0, q/r0), α ∈ (0, 1), and prime q, the GS algorithm using556

weight vector given by fr list-decodes, in time poly(n, q, 1/(
√

R̃
∗,(2)
ac,q (r) −

√
R∗)), any GRS557

code with adjusted rate558

R∗ < R̃∗,(2)
ac,q (r) := 1

r
√

2
· Eq(r)2 ,559

except with probability less than exp
(
−

√
2n · α2 · r ·

(√
R̃
∗,(2)
ac,q (r) −

√
R∗

)2)
.560

Proof. By hypothesis, Lemmas 4.4 and 5.1 and Equation (4.4),561

R∗ <
1

r
√

2
· Eq(r)2 <

µ2
r,r

fr(Lq) = A(2)
q,r(r)2 .562

The claim then follows directly by Theorem 4.5, and the fact that fr(Lq) > r/
√

2 by563

Lemma 5.2. ◀564

6 The ℓ1 Metric and Laplacian Error565

In this section, we consider the ℓ1 metric and Laplacian channels. We specialize Equation (4.1)566

to p = 1, i.e., the Laplacian function567

f(x) := f (1)(x) = exp(−2|x|) .568

10 By contrast, Eq(s) ≪ 1 for values of s very close to r0, in which case the bound is maximized by taking s
somewhat larger than r.
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(The Fourier transform of this function is given by f̂(w) = 1/(1 + (πw)2), but we will not569

use this; as already noted earlier, f (1) satisfies Assumption 2.12.)570

Throughout this section we use the hyperbolic tangent function571

tanh(x) := ex − e−x

ex + e−x
= 1 − e−2x

1 + e−2x
= e2x − 1

e2x + 1 < 1572

and its reciprocal coth(x) = 1/ tanh(x) > 1. Observe that tanh(x) approaches 1 as x grows;573

it also satisfies tanh(x) < x for all x > 0, and approaches x as x approaches zero.11
574

6.1 Bounds575

In this subsection, we analyze the exact value of fs(Lq) and derive an asymptotic bound.576

This appears in the quantities that govern the adjusted rates under which we can decode in577

the worst and average cases (Equations (4.2) and (4.4), respectively). For this purpose, we578

define a suitable “fudge factor”. For any real x > 0, define579

E(x) :=
(

coth(x) + 4x · e2x

(e2x − 1)2

)−1
∈ (0, 1) , (6.1)580

where the upper bound comes from the fact that coth(x) > 1. Note that, as x grows, the581

first term in the sum rapidly approaches one, and the second term rapidly approaches zero.582

More precisely, a brief calculation reveals that583

E(x) = 1 − O(x · e−2x) . (6.2)584

▶ Lemma 6.1. For any s > 0 and positive integer q,585

1
fs(Lq) > tanh(2/s) · E(q/s) .586

Note that by Equation (6.2), for any fixed s > 0, as q (or equivalently, q/s) grows,587

1/fs(Lq) rapidly approaches tanh(2/s). In turn, this approaches 2/s as s grows.588

The proof of Lemma 6.1 follows directly from Lemma 6.2 below and Equation (6.1). Due589

to space constraints, the details are left to the full version.590

▶ Lemma 6.2. For any s > 0 and positive integer q,591

fs(Lq) = coth(2/s) · coth(q/s) + 2q · e2q/s

(e2q/s − 1)2 .592

Due to space constraints, the proof is left to the full version.593

6.2 Worst-Case Decoding594

Now we address list-decoding in the ℓ1 metric, under worst-case error of bounded distance,595

by specializing the material of Section 4.1 to p = 1 and using our bound on fs(Lq) from596

Lemma 6.1. We consider decoding distance d = δn, where n is the code length and δ is597

the relative decoding distance. Then by Equations (4.2) and (4.3) and Lemma 6.1, we can598

list-decode for any R∗ less than599

R∗,(1)
wc,q (δ) = sup

s>0
W

(1)
q,δ (s)2 > sup

s>0
exp(−4δ/s) · tanh(2/s) · E(q/s) . (6.3)600

11 Both facts can be seen from the Taylor series tanh(x) = x − x3/3 + · · · , valid for |x| < π/2.
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Corollary 6.3 below is obtained by maximizing the “main term” exp(−4δ/s) · tanh(2/s) of601

the right-hand side of (6.3). By calculus, this is done by taking s = 4/ ln(D(δ)) > 0, where602

D(δ) :=
√

1 + 1
δ2 + 1

δ
> 1 .603

Substituting, this means we can list-decode for any R∗ less than604

R̃∗,(1)
wc,q (δ) :=

tanh(ln
√

D(δ))
D(δ)δ

· E(q ln(D(δ))/4) = D(δ) − 1
D(δ) + 1 · E(q ln(D(δ))/4)

D(δ)δ
. (6.4)605

We consider this quantity’s asymptotic behavior for large and small δ:606

As δ grows, D(δ) = 1+1/δ +O(1/δ2) and D(δ)δ approaches e, hence R̃
∗,(1)
wc,q (δ) approaches607

1/(2eδ) as q/δ also grows. This is consistent with Remark 4.3.608

As δ approaches zero, D(δ) approaches 2/δ and D(δ)δ approaches 1, hence R̃
∗,(1)
wc,q (δ)609

approaches 1 as q/δ also grows.610

▶ Corollary 6.3. For any δ > 0 and prime q, the GS algorithm using weight vector fs for611

s = 4/ ln(D(δ)) list-decodes, up to ℓ1 distance δn in time poly(n, q, 1/(
√

R̃
∗,(1)
wc,q (δ) −

√
R∗)),612

any GRS code with adjusted rate R∗ < R̃
∗,(1)
wc,q (δ) (see Equation (6.4)).613

Proof. By hypothesis and Lemma 6.1 and Equation (4.2),614

R∗ < R̃∗,(1)
wc,q (δ) =

tanh(ln
√

D(δ))
D(δ)δ

· E(q/s) <
exp(−4δ/s)

fs(Lq) = W
(1)
q,δ (s)2 .615

The claim then follows directly by Theorem 4.2. ◀616

Comparison to [12, 16].617

To our knowledge, the only prior algorithms for (unique or list) decoding Reed–Solomon618

codes in the ℓ1 (Lee) metric are [12, Section 5] and [16]. We note that both of these require619

discrete (integer) error, whereas our algorithm works for continuous error.620

For a certain subclass of GRS codes (and BCH codes more generally), [12] gives a unique621

decoding algorithm for up to half (a lower bound on) the ℓ1 minimum distance, using622

Euclid’s algorithm for polynomials. This algorithm decodes up to any relative distance623

δ < 1 − R < 1 − R∗. For any prime-field GRS code, [16] gives a list-decoding algorithm that624

uses GS as a subroutine, and has a piecewise distance-rate tradeoff due to its optimization625

over an integer parameter. (The algorithm works by putting equal weight on a range of626

alphabet symbols centered at the received symbol, optimizing over the range size for a given627

rate.)628

By contrast with [12], and like [16], our Corollary 6.3 works for any GRS code, and for629

any (arbitrarily large) relative decoding distance δ > 0, for sufficiently small R∗ > 0. Our630

rate-distance trade-off surpasses that of both [12, 16] for all δ ⪆ 0.78988, which corresponds631

to rates R∗ ⪅ 0.21012; see Figure 1.632

6.3 Unique Decoding for a Subclass of GRS Codes633

As in Section 5.3, for the same subclass of GRS codes and certain parameters covered by our634

list-decoding algorithm, the decoding output is in fact unique. To show this, we give a lower635

bound on the ℓ1 minimum distance of such codes, and then observe that our list-decoding636

algorithm can decode to beyond half this distance for all small enough rates.637
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▶ Lemma 6.4 (adapted from [12, Theorem 4]). Any prime-field GRS code GRSq,k(α, α) ⊆ Fn
q638

(whose twist factors t equal the nonzero evaluation points α) of rate R = k/n has ℓ1 minimum639

distance at least640

(n + 1)2 − k2

4k
>

1 − R2

4R
· n .641

Due to space constraints, the proof is left to the full version.642

Lemma 6.4 gives a relationship between the code rate R and (a lower bound on) half643

the ℓ1 minimum distance, for which decoding to that distance yields a unique solution. By644

taking the functional inverse of half this minimum-distance bound, we see that decoding to645

relative distance δ yields a unique solution as long as646

R < R
(1)
uniq(δ) := −4δ +

√
(4δ)2 + 1 ,647

which approaches 1/(8δ) as δ grows. This curve is shown in Figure 1. Observe that for648

any δ for which our list-decoding algorithm outperforms the unique decoder of [12] (or for649

which [12] does not apply), we have that R
∗,(1)
wc (δ) > R

(1)
uniq(δ). In other words, we can650

efficiently list decode to relative distance δ for all rates up to R
(1)
uniq(δ) (and beyond), thus651

yielding a unique decoder for these parameters. Alternatively, as the rate R approaches652

zero, we can efficiently list decode to a multiple of the unique-decoding distance bound that653

approaches 8/(2e) ≈ 1.4715.654

6.4 Average-Case Decoding655

We now consider average-case decoding under a memoryless additive (continuous or discrete)656

Laplacian channel, by specializing the material of Section 4.2 to p = 1 and using our bound657

on fs(Lq) from Lemma 6.1. Consider a Laplacian channel of parameter r > 0. Then by658

Equations (4.4) and (4.5), we can list-decode for any R∗ less than659

R∗,(1)
ac,q (r) = sup

s>0
A(1)

q,r(s)2 > sup
s>0

s2 · tanh(2/s)
(r + s)2 · E(q/s) , (6.5)660

where the inequality is by Lemma 6.1.661

Corollary 6.5 below is obtained by nearly maximizing the right-hand side of (6.5), at662

least for moderate or large values of r. Specifically, we use the bound tanh(2/s) < 2/s to663

approximate the “main term” of (6.5) by 2s/(r+s)2. This is maximized at s = r, which makes664

the original main term equal to tanh(2/r)/4. Note that R
∗,(1)
ac,q (r) does indeed approach this665

value as r and q/r grow, because tanh(2/r) approaches 2/r, and E(q/r) rapidly approaches 1666

(see Equation (6.2)).667

However, for small values of r, the expression in (6.5) is maximized for s significantly668

larger than r, to have value much larger than tanh(2/r)/4 < 1/4. This maximization can be669

computed numerically, and indeed, R
∗,(1)
ac,q (r) approaches 1 as r approaches 0; see Figure 1.670

▶ Corollary 6.5. For any r > 0, α ∈ (0, 1), and prime q, the GS algorithm using weight671

vector given by fr list-decodes, in time poly(n, q, 1/(
√

R
∗,(1)
ac,q −

√
R∗)), any GRS code with672

adjusted rate673

R∗ < R̃∗,(1)
ac,q (r) := tanh(2/r)

4 · E(q/r) ,674

except with probability less than exp
(
−n · α2 · r ·

(√
R̃
∗,(1)
ac,q (r) −

√
R∗

)2)
.675
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Proof. By hypothesis, Lemmas 4.4 and 6.1 and Equation (4.4),676

R∗ < R̃∗,(1)
ac,q (r) = tanh(2/r)

4 · E(q/r) <
µ2

r,r

fr(Lq) = A(1)
q,r(r)2 .677

The claim then follows directly by Theorem 4.5, and (for the probability bound) the fact678

that fr(Lq) > coth(2/r) > r/2 by Lemma 6.2. ◀679
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