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Presentation Notes
The codes we consider are the generalized Reed-Solomon codes.



𝑓𝑓 𝑥𝑥 = 𝑐𝑐0 + 𝑐𝑐1𝑥𝑥 + ⋯+ 𝑐𝑐𝑘𝑘−1𝑥𝑥𝑘𝑘−1 



𝑓𝑓 𝑥𝑥 = 𝑐𝑐0 + 𝑐𝑐1𝑥𝑥 + ⋯+ 𝑐𝑐𝑘𝑘−1𝑥𝑥𝑘𝑘−1 

𝑓𝑓 𝛼𝛼1
𝑓𝑓 𝛼𝛼2

𝑓𝑓 𝛼𝛼𝑛𝑛

⋮



𝑓𝑓 𝑥𝑥 = 𝑐𝑐0 + 𝑐𝑐1𝑥𝑥 + ⋯+ 𝑐𝑐𝑘𝑘−1𝑥𝑥𝑘𝑘−1 

𝑓𝑓 𝛼𝛼1
𝑓𝑓 𝛼𝛼2

𝑓𝑓 𝛼𝛼𝑛𝑛

⋮

𝑡𝑡1
𝑡𝑡2

𝑡𝑡𝑛𝑛

⋮



𝑓𝑓 𝑥𝑥 = 𝑐𝑐0 + 𝑐𝑐1𝑥𝑥 + ⋯+ 𝑐𝑐𝑘𝑘−1𝑥𝑥𝑘𝑘−1 

𝑓𝑓 𝛼𝛼1
𝑓𝑓 𝛼𝛼2

𝑓𝑓 𝛼𝛼𝑛𝑛

⋮

𝑡𝑡1
𝑡𝑡2

𝑡𝑡𝑛𝑛

⋮

𝑡𝑡1 ⋅ 𝑓𝑓 𝛼𝛼1
𝑡𝑡2 ⋅ 𝑓𝑓 𝛼𝛼2

𝑡𝑡𝑛𝑛 ⋅ 𝑓𝑓 𝛼𝛼𝑛𝑛

⋮



𝑓𝑓 𝑥𝑥 = 𝑐𝑐0 + 𝑐𝑐1𝑥𝑥 + ⋯+ 𝑐𝑐𝑘𝑘−1𝑥𝑥𝑘𝑘−1 

𝑓𝑓 𝛼𝛼1
𝑓𝑓 𝛼𝛼2

𝑓𝑓 𝛼𝛼𝑛𝑛

⋮

𝑡𝑡1
𝑡𝑡2

𝑡𝑡𝑛𝑛

⋮

𝑐𝑐1
𝑐𝑐2

𝑐𝑐𝑛𝑛

⋮
∈ 𝐺𝐺𝐺𝐺𝐺𝐺

Presenter Notes
Presentation Notes
Reed-Solomon codes are obtained by setting all twist factors to be 1.



𝓒𝓒 code

Presenter Notes
Presentation Notes
We are interested in list-decoding GRS codes, which is the following problem:



𝒚𝒚

Given a received word 𝒚𝒚

𝓒𝓒 code

Presenter Notes
Presentation Notes
Given a code and a received word y in the ambient space,



𝒚𝒚

find all codewords within distance 𝛿𝛿 of 𝒚𝒚.

𝓒𝓒 code

𝛿𝛿

Presenter Notes
Presentation Notes
find all the codewords that are within a specified distance (𝛿) of y.



𝒙𝒙

𝒚𝒚

How is distance measured?

?



𝒙𝒙

𝒚𝒚

Often in Hamming metric, 

but we consider Lee (ℓ1), Euclidean (ℓ2), and other ℓ𝑝𝑝 metrics. 



𝒙𝒙 = (𝑥𝑥1, … , 𝑥𝑥𝑛𝑛)

𝒚𝒚 = (𝑦𝑦1, … ,𝑦𝑦𝑛𝑛)

𝑥𝑥𝑖𝑖

𝑦𝑦𝑖𝑖

0

ℝ𝑞𝑞 = ℝ/𝑞𝑞𝑞 for 𝑞𝑞 prime

Presenter Notes
Presentation Notes
To ensure that the ell_p metric is well-defined, we restrict to prime fields and work over the additive quotient group R_q for prime q.�The distance between vectors x and y in the ell_p metric is defined by taking the shortest “wraparound” distance between each pair of real-valued coordinates on the R_q circle.



𝒙𝒙 = (𝑥𝑥1, … , 𝑥𝑥𝑛𝑛)

𝒚𝒚 = (𝑦𝑦1, … ,𝑦𝑦𝑛𝑛)

𝑥𝑥𝑖𝑖

𝑦𝑦𝑖𝑖

0

ℝ𝑞𝑞 = ℝ/𝑞𝑞𝑞 for 𝑞𝑞 prime

𝑥𝑥𝑖𝑖 0
−
𝑞𝑞
2

𝑞𝑞
2

ℝ
[ )

𝑦𝑦𝑖𝑖

Presenter Notes
Presentation Notes
We obtain this wraparound distance by “lifting” x_i and y_i to their Real values in the half-open interval [-q/2, q/2) and taking their difference.




ℓ𝑝𝑝 𝑥𝑥𝑖𝑖 0
−
𝑞𝑞
2

𝑞𝑞
2

ℝ
[ )

𝑦𝑦𝑖𝑖

ℓ𝑝𝑝 (quasi)norm on ℝ𝑛𝑛 given by

𝒛𝒛 𝑝𝑝 ≔ 𝑧𝑧1
𝑝𝑝 + ⋯+ 𝑧𝑧𝑛𝑛

𝑝𝑝 1/𝑝𝑝

0

ℝ𝑞𝑞 = ℝ/𝑞𝑞𝑞 for 𝑞𝑞 prime

𝑥𝑥𝑖𝑖

𝑦𝑦𝑖𝑖

Presenter Notes
Presentation Notes
Formally, the distance between x and y is defined by lifting their difference to the reals and taking the length of this vector in the ell_p (quasi)norm.
�This defines a metric for p>=1; a semi-metric (for p<1) relaxes the triangle inequality so that the upper bound is multiplied by a fixed constant (i.e. ||x+y|| <= K (||x|| + ||y||) for a fixed K). �Since we don’t use the triangle inequality at all in our analysis, we can also handle p < 1.



ℓ𝑝𝑝 𝑥𝑥𝑖𝑖 0
−
𝑞𝑞
2

𝑞𝑞
2

ℝ
[ )

𝑦𝑦𝑖𝑖

ℓ𝑝𝑝 (quasi)norm on ℝ𝑛𝑛 given by

𝒛𝒛 𝑝𝑝 ≔ 𝑧𝑧1
𝑝𝑝 + ⋯+ 𝑧𝑧𝑛𝑛

𝑝𝑝 1/𝑝𝑝

0

ℝ𝑞𝑞 = ℝ/𝑞𝑞𝑞 for 𝑞𝑞 prime

𝑥𝑥𝑖𝑖

𝑦𝑦𝑖𝑖

Presenter Notes
Presentation Notes
Relative decoding distance is the distance normalized by the dimension (vector length) n raised to 1 over the metric parameter p.






Presenter Notes
Presentation Notes
(for the average-case) Our algorithm can handle random (continuous or discrete) errors produced by a memoryless additive channel (such as a Laplacian or Gaussian channel).
�While we do not have the same notion of distance for the average-case model, we have a high-probability bound on the distance of the channel noise. This is what allows us to obtain comparable rate-distance trade-offs.



Work Metric Codes Decoder Type Error Type Rel. Decoding Distance 
(𝜹𝜹)

[Guruswami-Sudan, 
1999] Hamming GRS list discrete ≤ 1 − 𝑅𝑅

[Mook-Peikert, 
2022] Euclidean (ℓ2) prime-field GRS list continuous ≤ (1 − 𝑅𝑅)/2

[Roth-Siegel, 
1994] Lee (ℓ1) subclass of GRS, 

BCH unique discrete ≤ 1 − 𝑅𝑅

[Wu-Kuijper-Udaya, 
2003] Lee (ℓ1) prime-field GRS list discrete ≤ 𝑔𝑔(𝑅𝑅) piecewise

[Peikert-V. Hostetler, 
2025] 

any ℓ𝑝𝑝,
0 < 𝑝𝑝 ≤ 2

prime-field GRS list continuous ≤ 1/(𝑅𝑅 ⋅ 𝑐𝑐𝑝𝑝 𝑒𝑒 𝑝𝑝 1/𝑝𝑝)

Presenter Notes
Presentation Notes
(do not verbalize rate-distance trade-offs here, as these are discussed and compared on the two curve plot slides)



Work Metric Codes Decoder Type Error Type Rel. Decoding Distance 
(𝜹𝜹)

[Guruswami-Sudan, 
1999] Hamming GRS list discrete ≤ 1 − 𝑅𝑅

[Mook-Peikert, 
2022] Euclidean (ℓ2) prime-field GRS list continuous ≤ (1 − 𝑅𝑅)/2

[Roth-Siegel, 
1994] Lee (ℓ1) subclass of GRS, 

BCH unique discrete ≤ 1 − 𝑅𝑅

[Wu-Kuijper-Udaya, 
2003] Lee (ℓ1) prime-field GRS list discrete ≤ 𝑔𝑔(𝑅𝑅) piecewise

[Peikert-V. Hostetler, 
2025] 

any ℓ𝑝𝑝,
0 < 𝑝𝑝 ≤ 2

prime-field GRS list continuous ≤ 1/(𝑅𝑅 ⋅ 𝑐𝑐𝑝𝑝 𝑒𝑒 𝑝𝑝 1/𝑝𝑝)

(dimension-normalized) volume of 𝑛𝑛-dim. ℓ𝑝𝑝 ball of radius 𝑛𝑛1/𝑝𝑝 

Presenter Notes
Presentation Notes
Interestingly, the constant we obtain in our rate-distance trade-off corresponds to the volume of the n-dimensional ell-p ball of radius n^1/p, where n is the length of the code.
We have no clear explanation for this constant.



distance 𝛿𝛿 = 𝑟𝑟
2

𝑅𝑅𝑎𝑎𝑎𝑎 (𝑟𝑟)𝑅𝑅𝑤𝑤𝑤𝑤 (𝛿𝛿)

𝑅𝑅𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 𝛿𝛿  

[WKU03]

[RS94]

Rate-distance trade-off for Lee (ℓ𝟏𝟏) metric

rate 𝑅𝑅

Presenter Notes
Presentation Notes
Here is how our rate-distance trade-off for the Lee metric compares to that of the 2 prior algorithms. �In general, the higher the curve, the better.�Our results are shown by the orange (for worst-case error) and green (for average-case error) curves.�While we (and WKU, purple curve) can handle arbitrarily large relative distances, the Roth-Siegel unique-decoder (blue curve) cannot decode past distance 1.�Our algorithm performs better than both RS and WKU for relative distance greater than about 0.79.�We also proved a lower bound on the minimum distance of a natural subclass of GRS codes (red curve). So for everything below this red curve, our algorithm actually unique-decodes.



Rate-distance trade-off for Euclidean (ℓ𝟐𝟐) metric

distance 𝛿𝛿 = 𝑟𝑟
2𝜋𝜋

rate 𝑅𝑅

[MP22]

𝑅𝑅𝑎𝑎𝑎𝑎 (𝑟𝑟)
𝑅𝑅𝑤𝑤𝑤𝑤 (𝛿𝛿)

𝑅𝑅𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 𝛿𝛿  

Presenter Notes
Presentation Notes
Here is the comparison for the Euclidean metric.
Again, our results are shown by the orange (for worst-case error) and green (for average-case error) curves.
While we can handle arbitrarily large relative distances, Mook-Peikert (blue curve) cannot decode past distance 1/  2 .�We proved a similar lower bound on the minimum distance of a subclass of GRS codes (red curve), so our algorithm again unique-decodes in the regime below this red curve.



codewords close to 𝒚𝒚 
𝒄𝒄𝟏𝟏, 𝒄𝒄𝟐𝟐, … , 𝒄𝒄𝑳𝑳 ∈ 𝒞𝒞

transform 𝒚𝒚 into 
weight vector 𝑾𝑾 ∈ 0,1 𝑞𝑞𝑞𝑞

GS Algorithm

codewords correlated with 𝑾𝑾 
𝒄𝒄𝟏𝟏, 𝒄𝒄𝟐𝟐, … , 𝒄𝒄𝑳𝑳 ∈ 𝒞𝒞

received word 

𝒚𝒚 ∈ ℝ𝑞𝑞
𝑛𝑛

Presenter Notes
Presentation Notes
Here is how our list-decoding algorithm works.
We use the Guruswami-Sudan decoder as a black-box; this is a deterministic soft-decision decoder that expects a weight vector as input and outputs all codewords that are closely correlated with W.
The weight vector conceptually specifies the “likelihood” that a value was the i-th transmitted symbol, over all possible values.
Transforming the received word into a weight vector in an optimal way is a main technical component of our work.







codewords close to 𝒚𝒚 
𝒄𝒄𝟏𝟏, 𝒄𝒄𝟐𝟐, … , 𝒄𝒄𝑳𝑳 ∈ 𝒞𝒞

transform 𝒚𝒚 into 
weight vector 𝑾𝑾 ∈ 0,1 𝑞𝑞𝑞𝑞

GS Algorithm

codewords correlated with 𝑾𝑾 
𝒄𝒄𝟏𝟏, 𝒄𝒄𝟐𝟐, … , 𝒄𝒄𝑳𝑳 ∈ 𝒞𝒞

ℤ𝑞𝑞

𝑦𝑦𝑖𝑖
𝑦𝑦1𝒚𝒚 = 𝑦𝑦2 … 𝑦𝑦𝑛𝑛 ∈ ℝ𝑞𝑞

𝑛𝑛

received word 
𝑦𝑦𝑖𝑖

Presenter Notes
Presentation Notes
Here is how we transform a received word y into a weight vector.
We know that each received coordinate y_i must have originated from an integer codeword coordinate in Z_q.



codewords close to 𝒚𝒚 
𝒄𝒄𝟏𝟏, 𝒄𝒄𝟐𝟐, … , 𝒄𝒄𝑳𝑳 ∈ 𝒞𝒞

transform 𝒚𝒚 into 
weight vector 𝑾𝑾 ∈ 0,1 𝑞𝑞𝑞𝑞

GS Algorithm

codewords correlated with 𝑾𝑾 
𝒄𝒄𝟏𝟏, 𝒄𝒄𝟐𝟐, … , 𝒄𝒄𝑳𝑳 ∈ 𝒞𝒞

𝑦𝑦𝑖𝑖
𝑦𝑦1𝒚𝒚 = 𝑦𝑦2 … 𝑦𝑦𝑛𝑛 ∈ ℝ𝑞𝑞

𝑛𝑛

received word 
𝑦𝑦𝑖𝑖

𝑊𝑊𝑖𝑖,0 
𝑊𝑊𝑖𝑖,𝑞𝑞−1 

𝑊𝑊𝑖𝑖,1 

𝑊𝑊𝑖𝑖,2 

𝑊𝑊𝑖𝑖,3 

𝑊𝑊𝑖𝑖,𝑞𝑞−2 

𝑊𝑊𝑖𝑖,0 𝑊𝑊𝑖𝑖,1 … 𝑊𝑊𝑖𝑖,𝑞𝑞−2 𝑊𝑊𝑖𝑖,2 𝑊𝑊𝑖𝑖,𝑞𝑞−1 

Presenter Notes
Presentation Notes
So, we assign a weight (between 0 and 1) to each integer value in Z_q for this y_i.
We do this for every coordinate y_i to obtain the full vector of weights corresponding to the received word y.




ℝ𝑞𝑞

𝑦𝑦𝑖𝑖

[Mook-Peikert, 2022] : ℤ𝑞𝑞

𝑦𝑦𝑖𝑖 − 𝑦𝑦𝑖𝑖

𝑦𝑦𝑖𝑖 − 𝑦𝑦𝑖𝑖
0

0

0 0

0

Presenter Notes
Presentation Notes
Mook-Peikert does something similar but only assigns weight to the two neighboring values of y_i, according to how close they are, and sets all other weights to zero.



ℝ𝑞𝑞
Our weight function :

𝑦𝑦𝑖𝑖

ℤ𝑞𝑞

Presenter Notes
Presentation Notes
We consider all possible values in Z_q and assign non-zero weight to each according to proximity.



ℝ𝑞𝑞
Our weight function :

𝑦𝑦𝑖𝑖

ℤ𝑞𝑞

weights given by a 

function 𝑓𝑓𝑠𝑠 of width 𝑠𝑠 > 0 

𝑓𝑓𝑠𝑠 𝑥𝑥 ≔ exp(−(𝑐𝑐𝑝𝑝|𝑥𝑥/𝑠𝑠|)𝑝𝑝)

Presenter Notes
Presentation Notes
The weight for each value is given by this weight function parameterized by the metric used (p) and width (s) which can be optimized according to our application.�The normalizing constant here c_p := 2 Gamma(1 + 1/p) is defined to make the value of the Fourier transform of f_s at 0 to be 1 (needed for our analysis).



Gaussian function

Laplacian function

𝑓𝑓𝑠𝑠 𝑥𝑥 ≔ exp(−2 |𝑥𝑥/𝑠𝑠|1)

𝑓𝑓𝑠𝑠 𝑥𝑥 ≔ exp(−𝜋𝜋 |𝑥𝑥/𝑠𝑠|2)

Presenter Notes
Presentation Notes
In particular, for the Lee metric we use this Laplacian function, and for the Euclidean metric we use this Gaussian function.



codewords close to 𝒚𝒚 
𝒄𝒄𝟏𝟏, 𝒄𝒄𝟐𝟐, … , 𝒄𝒄𝑳𝑳 ∈ 𝒞𝒞

transform 𝒚𝒚 into 
weight vector 𝑾𝑾 ∈ 0,1 𝑞𝑞𝑞𝑞

GS Algorithm

codewords correlated with 𝑾𝑾 
𝒄𝒄𝟏𝟏, 𝒄𝒄𝟐𝟐, … , 𝒄𝒄𝑳𝑳 ∈ 𝒞𝒞

received word 

𝒚𝒚 ∈ ℝ𝑞𝑞
𝑛𝑛

We show that any codeword 𝒄𝒄 
close enough to 𝒚𝒚, i.e.

rel dist 𝒄𝒄,𝒚𝒚 ≤ 𝛿𝛿

has large enough correlation 
with weight vector 𝑾𝑾, i.e.

corr 𝒄𝒄,𝑾𝑾 > 𝑅𝑅.

Presenter Notes
Presentation Notes
The second main component of our work is the analysis, where we show that every codeword that is close enough to the received word y has large enough correlation with the corresponding weight vector W. This allows us to conclude that all the codewords output by the GS soft-decoder are exactly the close codewords.



codewords close to 𝒚𝒚 
𝒄𝒄𝟏𝟏, 𝒄𝒄𝟐𝟐, … , 𝒄𝒄𝑳𝑳 ∈ 𝒞𝒞

transform 𝒚𝒚 into 
weight vector 𝑾𝑾 ∈ 0,1 𝑞𝑞𝑞𝑞

GS Algorithm

codewords correlated with 𝑾𝑾 
𝒄𝒄𝟏𝟏, 𝒄𝒄𝟐𝟐, … , 𝒄𝒄𝑳𝑳 ∈ 𝒞𝒞

received word 

𝒚𝒚 ∈ ℝ𝑞𝑞
𝑛𝑛

We show that any codeword 𝒄𝒄 
close enough to 𝒚𝒚, i.e.

rel dist 𝒄𝒄,𝒚𝒚 ≤ 𝛿𝛿

has large enough correlation 
with weight vector 𝑾𝑾, i.e.

corr 𝒄𝒄,𝑾𝑾 > 𝑅𝑅.

Then we optimize width 𝑠𝑠 of weight 
function 𝑓𝑓𝑠𝑠 to maximize 𝑅𝑅.

Presenter Notes
Presentation Notes
We optimize the width (s) of our special weight function to maximize the rate (R) that we can handle for a specified distance (𝛿).�This yields the rate-distance trade-off curves we showed earlier.



𝜏𝜏 ≔ gap between rate and upper bound

Presenter Notes
Presentation Notes
Gap = tolerance, can be approximated to desired precision



𝑞𝑞

(0,0)
(1,1)

(−1, −1)

(2,2)

Presenter Notes
Presentation Notes
Sum of fs evaluated at all points of this lattice. Lattice is defined by q- translations of all integral points on the y=x line.





𝑠𝑠, 𝑞𝑞/𝑠𝑠 → ∞ 1
𝛿𝛿 ⋅ 𝑐𝑐𝑝𝑝 ⋅ 𝑒𝑒𝑒𝑒 1/𝑝𝑝



𝑠𝑠, 𝑞𝑞/𝑠𝑠 → ∞ 1
𝛿𝛿 ⋅ 𝑐𝑐𝑝𝑝 ⋅ 𝑒𝑒𝑒𝑒 1/𝑝𝑝

volume of the 𝑛𝑛-dim. ℓ𝑝𝑝 ball of radius 𝑛𝑛1/𝑝𝑝 
(dimension-normalized)

=

Presenter Notes
Presentation Notes
Interestingly, the upper bound on the adjusted rate asymptotically approaches the volume of the n-dimensional ell-p ball.



𝑝𝑝𝑝𝑝𝑝𝑝:  𝐷𝐷𝑟𝑟 𝑥𝑥 = 𝑓𝑓𝑟𝑟(𝑥𝑥)/𝑟𝑟
 𝑝𝑝𝑚𝑚𝑚𝑚:  𝐷𝐷𝑟𝑟 𝑥𝑥 = 𝑓𝑓𝑟𝑟(𝑥𝑥)/𝑓𝑓𝑟𝑟(ℤ)

Presenter Notes
Presentation Notes
Channel distribution Dr of width r depends on whether channel is continuous or discrete.









distance 𝛿𝛿 = 𝑟𝑟
2

𝑅𝑅𝑎𝑎𝑎𝑎 (𝑟𝑟)𝑅𝑅𝑤𝑤𝑤𝑤 (𝛿𝛿)

𝑅𝑅𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 𝛿𝛿  

[WKU03]

[RS94]

Rate-distance trade-off for Lee (ℓ𝟏𝟏) metric

rate 𝑅𝑅

Presenter Notes
Presentation Notes
The natural subclass of GRS codes is GRS(a,a), where the evaluation points and twist factors are the same.
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